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‘Mopgenun ogHoMn nonynsauuu

m HernpepbieHble MOOESIU. 3KCMOHeHUuarbHbIU pocm,
Jioeucmu4yeckuu pocm, MoOOesiu C HaumeHbweu
Kpumu4ecKou YUuc/ieHHOCMbIO.

m Moodesiu ¢ HerepeKkpbI8aroWUMUCS MOKOIeHUSIMU.
JJuckpemHoe noeucmuyeckoe ypasHeHue.

m [Juazpamma u necmHuuya Jlamepes.

m Tunbl peweHul rnpu pasHbIX 3Ha4YEHUSIX napamMmempa:
MOHOMOHHbIE U 3amyxaroujue peweHusl, YUKIbl,
Keasucmoxacmu4yeckoe rnogsedeHue, 8CrbIUKU
yucsieHHocmul.

m MampuyHbie mooernu rnonynsayua. BrniusHue
3arnas3obieaHus.
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[TonynaunoHHas AnHamMuka
psg PrnboHayuu

INleoHapno m3 MNusbl («Tpakrat o cueTe», 13 BEK)



HenpepbiBHbIE
~/Moaenn pocTa
nonynayun
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Mopaenb akcnoHeHuunanbHoro pocta ManbTyca

Malthus T.R. An essay on the principal of Population.
1798. Charleston, BiblioBazaar, 2007.
[lepeBog Ha pycckuu a3bik: ManbTtyc T.P. OnbIT 0

3aKoHe pocTa HapoaoHaceneHnua. Cnb, Tunorpadus

N.WN. masyHoBa, 1868 Thomas Robert
Malthus
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" A dX X
YpaBHeHue — =1rX(1 )
NTIOrMCTUYECKOTO dt K
pOCTa ((Der}Oﬂ bCT, 1845) [ — KOHCTaHTa CKOPOCTU POCTa

K — eMKOCTb 9KOSTOrM4eCckoOu HULLN

Verhulst P.F. Notice sur la loi que la population suit dans son

accroissement. Corr. Math. Et Phys. 10: 113-121, 1838

1804-1849 K — cncrtemMHbln goaktop



YpaBHeHNe PepxtonbCcTa

dx X
—=rx(l——)
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[loBeoeHne X BO BpEMEHU



" B
. d
OrpaHU4YeHHbIN POCT —X=rx(1—%)

dt
(ypaBHeHUA PepxtonbcTa)
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Xyk Rhizoretha dominica B 10-rpammoBoit nopuum (Pearsall, Bengry,
MWEHUYHbIX 3epPeH, NOMOMHAEMbIX KaXXAylo Heaento 1940)
(Crombie, 1945).
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R/LEI/II'OH, [x.Xapnep, K.TayceHa
«3Jkonorusa. Ocobu, nonynauun n coobLlectesa»

T.1,2 M., Munp 1989
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[Tpmepbl KpUBbLIX NOMOMHEHUA (2)
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[Tprmepbl KpMBbLIX NONosIHEHUS (3)
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Y4eT OBYynosrioro pasmMmHOXeHus

dx ,

= rX

dt
dv ¥
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[Mpn HU3KMX MNOTHOCTAX CKOPOCTb Pa3MHOXEHUS
nponopLnoHarnbHa BEPOSATHOCTU BCTPEM.
[Mpn BBICOKMX — YMCITy CaMOK B NMOMYJISILNMN.
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Cepren lNeTpoBuny
Kanvua (1928-2012)

Ob6was Teopus
pocTa yenoBe4decTtBa 1999

[.FO.Pun3nun4yeHko
A.B.PyouH

buodusnyeckas guHammnka
NPOAYKUMOHHbIX NPOLECCOoB
2004. maBa 8
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DUPOCT
YNCITEHHOCTU
HaceneHus

Koauvecmeo Yucacrnocms
POCUBLUXCR U YMENULX HACETEHUR,
na 1000 yea. 8 2od, yea ALTH NN,
50 Poajaemocrs 7 30
Tafisans
30 10
_,' é
i CMeprnocTs 10
10
3 Hacencnue
Koauvecmeo podusiuuxcs u HUucAeHHOCING HACETEHILR, g .
vaepiuwx va 1000 ver, 6 200 mapd.en.
: . 50 r 1 60
6 Ernner
PoajlaemMocTy
40
30
30 T4 -
10 +
20 L 1
2 50 ( Mexcuxa it
10 Hacenenwe i | /
60
30
A 1 1
1750 1800 1850 1900 1950 2000 30
10
L ] ..
1800 1900 2000

Koauxecmso Hucrennocms
VOOUBLIUXCR U YMEPUIUX MACEACHUR,
ua 1000 vea. 8 200, yea. AUHNEL.
Hliseuns 10
PoaaeMoCcTs R
30
16
10 P ' 15
Haceacume MCPTHOCTS s
s L 4
60
Anrmus u Yuise
30
<1 40
4 20
10
1 A
120
30
1 80
10 40
1 J.
1800 1900 2000

wmsnee wondubi



Mopenb rnobanbHOro pocra

HeBO3MOXHO pewwnTb NpobriemMy Ha TOM YPOBHE,
Ha KOTOPOM OHa BO3HMKNA. HYy>XHO cTaTb Bbille
3TOW NPobnemsbl, NOAHABLLUXUCL HA CneayoLmn
YPOBEHb

m AnbbepT SNHWTENH
Forrester J.W. World dynamics. 1971
doppectep k. Muposasa auHamuka. M., Hayka,1978

Meadows D. et al., The limits to growth. 1972
Meadows D. et al. The dynamics of the growth in a finite world. 1974

Mepoys . v ap., Npegenel pocta, nsg. My, 1991
3a npegenamu pocta 1994
[Mpepnenbl pocta 30 net cnycta. 2008

A3BYKA CUCTEMHOI'O MbIWINEHWNA. BuHom 2011
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[InHaMmunkKa
YMCIMEHHOCTU nonynaunm

m HYICNEHHOCTb MOXET MEHATbCHA BO
BPEMEHU pa3nnyHbIM O0DOpa3oM:
pacTu, coBepllaTb KornebaHwus,
nagaTb.
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YncneHHOCTb NOronoBbs OBEL, HA

ocTtpoBe TacmaHua (Davidson,1938)
A Iloro.10BLE OBeIl, TBHIC.
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" A
N3meHeHne YNCIEeHHOCTH

Daphnia magna (Frall, 1943)
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[OnHammnka YNCNEeHHOCTM TPEX BUOOB KUTOB B
AHTapKTUKe (NpnBeaeHa no M3MEHEHUI0 «MHAEeKca

YNCITEHHOCTN» y6l/ITI:>IX KNTOB

Ha 1 TbiC. cydo - TOHHO - cyToK, Gulland, 1971)
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UncneHHocTb Myx Lucilia B nonynaumnoHHom swmke (Nicholson, 1954)
1 — B3pocrible ocobun. KpeCcTnku — YMCro aunl, OTIIOKEHHbIX 3a O4WH
OeHb
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[TpnynHbl, 0bycnasnusatoLLne
TUM OUHAMUWUKU MOMYMALUN:

m CoOCcTBEeHHble CBOWCTBA
nonynsaymn

m /IameHeHne napameTpoB
OKpyXatwlLleun cpeasbl

m B3anmogencrtsme BnaoB



LlnckpeTHble

nonynsayunmn

MOHOTOHHbLIV U HEMOHOTOHHbLIW POCT
KonebaHus
Xaoc



"
PaesHosecue ycmou4uso, ecnun 0<r<2,
pewieHne moHomoHHo npun 0 <r < 1 K npeacraBnser
cobon 3amyxarouwjue KonebaHus npn 1 <r < 2.




npu 2 <r=r, < 2,526 — 08yxmoyeyHble YUKIIbI

npu r, <r <r, NOABNATCA YUK/IbI OnuHbl 4,8,16,..., 2K.
N A N A




"
[lpu r >r.=3,102 peLieHne 3aBUCUT OT HaYalbHbIX

ycnoBuin. CyLLECTBYIOT MPEXmoyYeyHble YUKIIbI W
Kea3ucmoxacmu4yecKue peLieHusl.

N A NA

t
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[lepexon K xaocy 4yepes
yABOEHMe nepunoaa
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KBagpaTtnyHoe
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budypkaunoHHaa gmarpamma nepexona K Xxaocy yepes yaBoeHue nepuoga
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Ecnn dyHkuma F(N) nmeeT oanH 3KCTpPEMYM U TOUKY nepernda Ha
nagatowen yactu, To yem bosblue aMmnnMTyaa BCNbIWKN, TEM
annTernbHee NHTepBarn MarnblX YACIIEHHOCTEN NoNynsauum
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MaTpunyHble

nonynaunm



" BN
MaTpuyHbie moaenu

BO3PACTHOWU CTPYKTYpPbl
nonynaunn

[IycTh momyssduusi COAECP>KAT N BO3paCTHHIX IpyIm. Torga B
KaXIbl (DUKCUPOBAHHBIN MOMEHT BpeMeHM (Hampumep, i)

MOMYJISILIMIO MOKHO OXapaKTEPHU30BaTh BEKTOP-CTOJIOIOM

X (to)
X, (to)
X(to) =

Xn (to)



Bektop X(t,),

XapaKTEPpU3YIOMUU MONYJIALMUI B CIECAYIOIIUN
MOMEHT BpEMEHH, HalIpuMep, 4epe3 Tojl, CBsI3aH
¢ BekTopoM X(t,) gyepe3 marpuny nepexona L:

X(t1) — LX(to)



X(t1) — Lx(to)

[lepemMHOXeHne maTpuy

MOXHO nepeMHOXNTb MaTtpuuy L Ha maTtpuuy K, ecnu 4mcno
cTonoduoB MaTpuubl L paBHO 4Yncny CTpok matpuubl K

L — KBagpaTHaa matpuLa paHra n
X — ctonbeu 13 n yncen (N CTPOK)

Kaxxably arieMEeHT Npon3BegeHnsa MaTpuL, paBeH & Iij X kji

| — HOMEpP CTPOKU, | — HOMep cTornbdua



" X(ty) = LX(to)
YcTtaHoBUM B maTpuLbl L
(MaTpuua Jlecnn)

N3 Bcex BO3paCTHBIX TIPYHOI BBIACIUM TE,
KOTOPBIE IPOU3BOAAT IIOTOMCTBO. llyCcTh mHX
aomepa oynyt K, k+1 ..., k+p.

IIpenmnonoxum, qToO 3a e TUHUYHBIN
IPOMEKYTOK BpPEMEHH OCOOM |- TPYIIIIBI
nepexodatr B rpymmy I+1, or rpymm K, K+1,...,
K+p mosiBisieTCs IMOTOMCTBO, @ 4acTh 0COOCH OT
KaKJ10M IPyIINbl HOTrHOAaET.



[ToTOMCTBO, KOTOPOE NOABUIOCH 3a
egVHULY BpeMeHU OT Bcex rpynn,
noctynaert B rpynny 1.

Xi(tl) = Zai Xi (tO) = aka (tO) T ak+1Xk+1(tO) T a‘k+pxk+p (tO)

KoadbpuumneHT poxxgaemocTtun ans i-ro Bo3pacra



" .
BTopaa KOMNOHEHTA

MOAy4aeTcs ¢ y4YeTOM JBYX IIPOIECCOB.
IIepBeIl — TIEpexos 0COOEM, HAXOJWBIIMXCS B
MOMEHT B IIEPBOU I'PYIIIE, BO BTOPYH. BTopou
TIPOLECC - BO3MOXHAs THOENIb 4YacTH W3 JTHX
ocobeit. IloaTomy BrOopas koMmmoHeHTa X, (t,)
paBHa HE BCEH YUCIEHHOCTH X,(t)), a TOIBKO
HEKOTOPOU €€ YacCTH

X2 (tl) =% () 0< b, <1



»
OcTanbHble KOMMNOHEHTHI
X3(t1): ﬁzxz (to)’

X4 (tl) = [3X; (to)s
X5 (tl) = 4%, (to)1

Xn—l (tl) — /Bn—zxn—z (t0)1



[lochnegHAqa Bo3pacTHagd rpynna

[IpeanonoxxuM, 4YTO BCE OCOOM, HAXOAUBIIHECS B
MOMEHT 1, B TIIOCIIEAHEW BO3PACTHOM TIpyIe K
moMeHTy t; morubOnyT. IlosTroMy  mocieaHss
KOMIIOHEHTa Bekropa X (t;) cocTaBiseTcs JIHIIbL W3
T€X O0CO0EM, KOTOpBIC IIEPECULIM W3 NOpeAbIaylIch
BO3PACTHOM T'PYIIIIEL.

x,(t)=p,x,,(), 0<pf, <1



" A
BeKTop YncrneHHOCTEN BO3PAaCTHbIX

rpynn B MOMEHT BpeMeHMU 1,
npencraBum B Buae

X (t1) kJer %% (to)
X, (t1)

X(t,) = |
X (L) L% (L)




I X(t,) = LX(t,)

BekTtop X(t,) nonyyaetcd yMHOXEHUEM
BekTOopa X(t;) Ha maTpuuy

0 0 0 0 a a, 0 0
B, 0 0 0 0 O 0 0
0 B, 0 0 0 O 0 0
| =
0 0 0 0 0 O 0 0
0 0 0 0 0 O B, O

Marpuna Jlecau



" J
BeKkTop, XxapakTepusyoLinn
CTPYKTYpY nonynaunn
Ha Kk-M Lware

X(t,) = LX(t,);
X(tz) = I—X(tl) = I—I—X(to) = LZX(tO);
X(tk) — LX(tk—l) — I—kx(to);



[Tpumep. Nonynaunsa na 3-x
BO3pPaCTHbIX rpymnn

X, (t,) 0 9 12
X,t)=1/3 0 O
X, (1)) 0 1/2 O




" B
[lnHamMmunKa Bo3pacTHOW

CTPYKTYpPb

1 ron

12 0 9 12
Of=11/3 0 O
0 0 1/2 O
2 Ton

0 0 9 12
4=1/3 0 O
0 0 1/2 O

12

36
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1/3

0

REY)I

9 12
0 O
1/2 0
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9 12
0 O
1/2 0

36




" YnycneHHOCTb cCaMOK CTapLLero, cpeaHero u

Miagllero Bo3pacTta B 3aBUCUMOCTU OT BPEMEHMU
ona nepsbix 20 BpeMeHHbIX MHTEPBanoB

(d>xedpdpepc, 1981)
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CobCcTBEHHOE YUCIO MaTpUL bl
onpenenaeT CKOPOCTb pocTa
nonynauun. Korga ee Bo3pactHas
CTPYKTYypa ctabunmanpooBarnachb

m [Ina nobon KkBagpaTHOW MaTpuLbl CyLLECTBYHOT CODCTBEHHbIE Ynca A
B 1 COOCTBEHHbIE BEKTOPbI V,
B KOTOpPbIE YOOBNETBOPSAOT YpaBHEHUIO 24

4
B AXV=AXV, 1

m A — KBagpaTHas maTtpuua,
m V — BEKTop cTtonbeu,
m ) — cKkansp, rmaBHOe COBCTBEHHOE YMCNO



m [lMHamuKka yncneHHocTu ueHononynaumm osceua Htlictotrichon
S. [Ina pasnn4yHbIX BO3pacTHbIX FPYMM; a - NPOPOCTKN,
npereHepaTmMBHbIE U reHepaTMBHblE 0COOU, 6 - CybCEeHUSTbHLIE
ocobu, 8 - CeHUrbHbIE 0cobu. 1 - amMnupuyeckme gaHHble, 2 -
nporHo3 no moaenu Jlecnun. (Po3seHbepr, 1984).
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"
Jlorncrtmnyeckoe ypaBHeHMe C
3anasgblBaHNEM

d_N:rN(t)]_ N(t-T) .

dt i K
dN af "1
E:rN(t) 1-K _([a)(t—s)N(s)ds

BecoBas dyHkUnSA pacnpeneneHus
BPEMEHM 3ana3ablBaHus




